
























Let E be a loally onvex topologial Hausdor spae, K  its nonempty ompat onvex subset,
µ  a regular, probability Borel measure on E and γ > 0. We say that the measure µ γ  represents





fdµ| < γ holds. In this paper the ontinuous
version of the Choquet theorem is proved. Namely, it is shown that if P is ontinuous multivalued
mapping from a metri spae T into the spae of nonempty, bounded onvex subsets of a Banah spae
X, then there exists a weak∗ ontinuous family (µt) of regular Borel probability measures on X γ 
representing points in P (t). The two ases are onsidered: in the rst one the values of P are ompat
while in the seond  losed. For this purpose it is shown (using geometrial tools) that the mapping
t → extP (t) is lower semiontinuous. The ontinuous versions of the Krein  Milman theorem are
obtained as orollaries.
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t Classi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1 Introdution
The lassial Minkowski  Carathéodory representation theorem states that eah point of a ompat
onvex set K in Rn an be written as a onvex ombination of at most n + 1 extreme points of K. This
theorem was generalized by G. Choquet ([5℄) who proved that eah k point of a ompat, onvex and
metrizable subset K of a loally onvex Hausdor topologial spae X is a baryenter of a regular Borel





holds for any f ∈ X∗ with µk(extK) = 1, where extK stands for the set of extreme points of K.
E. Bishop and K. de Leeuw ([3℄) removed the metrizability assumption. G. A. Edgar ([7℄) proved the
nonompat version of Choquet theorem. His result stated that the thesis of Choquet  Bishop  de Leeuw
remained true for K being nonempty bounded, losed, onvex and separable subset of a Banah spae X
having Radon  Nikodým property (RNP for short). In the paper [8℄ he improved his result by removing
separability ondition. P.Mankiewiz ([11℄) modied it by introduing separable extremal ordering, more
natural and easy to use partial order than the one introdued by Edgar (see [4℄, p.174).
The purpose of this paper is to show that an analogue of the Choquet theorem holds for moving sets.
These sets are values of a multivalued mapping, dened on a metri spae T into suitable subsets of a
ertain Banah spae X . We shall onsider two ases.
In the rst one multivalued mapping P : T  X is ontinuous with ompat onvex values in a separable
Banah spae X . In the seond ase X is separable, reexive Banah spae while P : T  X is ontinuous
with bounded losed onvex values (reall that reflexive Banah spae has RNP). By the elebrated Mihael
theorem there exists a ontinuous funtion p : T → X , alled a ontinuous seletion of P , with the property
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that p(t) ∈ P (t) for all t ∈ T . It will be shown that eah suh point p(t) is, for given seletion p(·),
an almost baryenter of the regular Borel probability measure µt on X suh that µ(extP (t)) = 1. In
other words, for any ontinuous seletion p(t) of the multifuntion P (t) there exists a ontinuous (in the
weak* topology) family of measures (µt)t∈T almost representing points p(t). In both ases the fat that
multifuntion
t→ extP (t)
is lower semiontinuous is ruial for the main result. As obvious orollaries we obtain ontinuous versions
of the Krein  Milman theorem.
All the neessary information about multifuntions an be found in [9℄, for Choquet theorem see [1℄,
[13℄ and [4℄ (nonompat ase), Banah spaes with Radon  Nikodym property are subjet of the lassis
[4℄, [6℄, properties of measures on metri spaes are investigated in [2℄ (where one an also nd a hapter
devoted to multivalued mappings).
2 Preliminaries
In this setion we state several denitions and fats needed.
Denition 2.1 Let X and Y be topologial spaes and P : X  Y \ ∅  a set  valued map. We say that
(a) P is lower semiontinuous (ls) i the set
P−(U) := {x ∈ X : P (x) ∩ U 6= ∅}
is open whenever U ⊂ Y is open;
(b) P is upper semiontinuous (us) i the set
P−(V ) := {x ∈ X : P (x) ⊂ U}
is losed whenever V ⊂ Y is losed;
() P is ontinuous i it is both lower  and upper semiontinuous.
Theorem 2.1 (Mihael) Let X be a paraompat spae, Y  a Banah spae and P : X  Y  lower
semiontinuous multifuntion with onvex values. Then:
(a) for any ε > 0 there exists a ontinuous funtion pε : X → Y suh that d(pε(x), P (x)) < ε ∀x ∈ X; this
funtion is alled an ε  seletion of P ;
(b) if in addition the values of P are losed, then there exists a ontinuous funtion p : X → Y suh that
p(x) ∈ P (x); this funtion is alled a ontinuous seletion of P .
Now denote by X a loally onvex topologial Hausdor spae and let K be its ompat onvex subset.
If µ is a regular, Borel probability measure on X , we say that it is supported by the set A ⊂ X (not
neessarily losed) if µ(A) = 1.
Denition 2.2 For suh X, K and µ be as above. We say that:





This point, denoted by r(µ), is alled the baryenter of µ;
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Theorem 2.2 (Choquet) Let X, K and µ be as above and assume additionally that K is metrizable. Then
for any x ∈ K there exists a regular Borel probability measure µx representing point x and suh that
µx(extK) = 1.
Reall that if the set extK is losed then the Choquet theorem is equivalent to the Krein  Milman theorem.
Theorem 2.3 (Edgar  Mankiewiz nonompat version of the Choquet theorem) Let K be a (nonempty)
losed bounded onvex subset of a Banah spae X and suppose that K has RNP. Then every point of K
is a baryenter of a regular Borel probability measure on K supported by the set extK.
3 Compat ase
In this setion we deal with multifuntion P from T into ompat onvex sets of X .
We rst establish the lower semiontinuity of map with values in the set of extreme points of the
ompat onvex set. Reall that exposed point of a ompat onvex subset of a Banah spae is a strongly
exposed point of this subset.
Proposition 3.1 Let T be a metri spae, X  a Banah spae, P : T  X  a ontinuous multifuntion
with ompat onvex values. Then the multifuntion
t→ extP (t)
is lower semiontinuous.
Proof. Let (tn) be a sequene in T , onvergent to a point t0 ∈ T . It is enough to show that for eah




Let e0 be any exposed (in fat strongly exposed) point of P (t0). Then there exists funtional f0 ∈ X∗,
with unit norm, strongly exposing e0. The lower semiontinuity of P yields existene of a sequene (xn) ⊂
X , onvergent to e0, with xn ∈ P (tn). Fix a number γ > 0 and dene the slie
Rγ(tn) := {x ∈ P (tn) : f0(x) > c(f0, P (tn))− γ},
where c(·, A) stands for the support funtion of the set A. It turns out that there exists n0 ∈ N suh that
for every n ≥ n0 the intersetion Rγ(tn)∩ extP (tn) is nonempty. Suppose not. Then for eah n0 ∈ N there
exists n ≥ n0 for whih Rγ(tn) ∩ extP (tn) = ∅, i.e. extP (tn) ⊂ X \Rγ(tn). This implies the existene of a
subsequene nk −−−−→
k→∞
∞ having property that for eah e ∈ extP (tnk)
f0(e) < c(f0, P (tnk))− γ.
By the Krein  Milman theorem the set P (tnk) oinides with the losed onvex hull of its extreme points,
so in partiular we have
f0(xnk) ≤ c(f0, P (tnk))− γ, k = 1, 2, ...
Passing to the limit we obtain the inequality
f0(e0) ≤ c(f0, P (t0))− γ,
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ontraditing the fat, that e0 is strongly exposed.
Now let γ = 1
m
, m = 1, 2, ..., and onsider slies R 1
m
(·). Then for eah m there exists nm suh that for
n ≥ nm we have
R 1
m
(tn) ∩ extP (tn) 6= ∅.
We an assume that nm ≤ n < nm+1. For suh n hoose en ∈ R 1
m
(tn) ∩ extP (tn) obtaining the sequene
(en) with the property
f0(en) ≥ c(f0, P (tn))−
1
m
for nm ≤ n < nm+1.
By the upper semiontinuity of P there exists subsequene of (en) (denoted also (en)) onvergent to a
point e0 ∈ P (t0). As the values of P are onvex sets, we an use the relationship between the Hausdor
distane h(A,B) of the sets A, B and their support funtions, so
sup
‖f‖≤1
{|c(f, P (tn))− c(f, P (t0))|} = h(P (tn), P (t0)).
The ompatness of P (t), t ∈ T , yields the ontinuity of P in Hausdor metri, whih gives us h(P (tn), P (t0)) −−−−→
n→∞
0, whih in turn implies that for any f ∈ X∗ c(f, P (tn)) −−−−→
n→∞
c(f, P (t0)). But for nm ≤ n ≤ nm+1 we
have f0(en) ≥ c(f0, P (tn))−
1
m
. Taking into aount that f0(en) onverges to f0(e) we nally get e = e0.
Now by Lindenstrauss  Troyanski result ([10℄, [15℄, see also [4℄) the set P (t0) equals the losed onvex
hull of its (strongly) exposed points and by Milman partial onverse of the Krein  Milman theorem those
points are dense in the set extP (t0).
We are now ready to onstrut a desired sequene of extreme points. So let a0 be any extreme point
of P (t0). Choose and x n1 ∈ N and e
n1
0 ∈ (st)expP (t0). There exists sequene (b
1
n) of extreme points of
P (t0) onvergent to e
n1








take en20 ∈ (st)expP (t0) with ‖e
n2
0 − a0‖ <
1
n2
and sequene (b2n) of extreme points of P (tn) onvergent to








this proedure we obtain sequenes (bin), b
i
n ∈ extP (tn). Setting an := b
i
n we obtain the desired sequene.

Remark. Tolstonogov and Figonienko proved (under the same assumptions) in [14℄ the lower semi-
ontinuity of the map t→ lextP (t), where l stands for losure. This result is equivalent to the above
one, but the method of the proof presented here is of geometrial nature, in ontrast to the topologial
methods they used. Inidentally, it seems that onsidering the map t→ extP (t), instead of t→ lextP (t)
is in the spirit of the Choquet theorem.
Now let T be a metri spae, X  separable Banah spae. By M(X) we denote regular probability
Borel measures on X . We onsider a ontinuous multifuntion
P : T  X,
with (nonempty) ompat onvex values. The Mihael seletion theorem assures us of the existene of a
ontinuous seletion p of P . Dene the set  valued map L : T  M(X) setting
L(t) :=
{






∣∣∣∣ < γ, f ∈ X∗
}
,
where γ is xed positive number. Choquet theorem guarantees that L(t) is nonempty for all t ∈ T . Choose
and x the ontinuous seletion p of P .
Proposition 3.2 Multifuntion L is lower semiontinuous.
Proof. It is enough to show that for any sequene (tn) of T , onvergent to t0 ∈ T and for any nonempty,
weakly
∗
losed subset F of M(X), an impliation L(tn) ⊂ F ⇒ L(t0) ⊂ F holds.
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Take any element µ0 of L(t0). The set of disrete measures on lextP (t0) is dense in the set of measures
supported by that set, so there exists a sequene (mk) of disrete measures (i.e. onvex ombinations of
Dira measures), onvergent weakly
∗
to µ0. This yields the existene of suh k0 that for all k ≥ k0 measure





where δ(·) is Dira measure, ai ∈ extP (t0) and λi are oeients of the onvex ombination. As extP (·)




n ∈ extP (tn), onvergent
to ai. This means that for xed k the sequene (µ
k





λiδbin onverges to mk. For





























The rst and the last terms on the right onverge to zero. Sine there exists M > 0 suh that sup{‖y‖ :
y ∈ P (t0)} ≤ M , so for x ∈ P (t0) we have |f(x)| ≤ M |f(
1
M
x)| ≤ M . Taking into aount that the sets
















∣∣∣∣ ≤M |(mk − µ0)(1)| −−−−→k→∞ 0. (1)





By onstrution, measure µkn is supported by the set of extreme points of P (tn), so for n ≥ n0 it belongs
to L(tn) and thus to F . Passing to the limit gives inlusion µ0 ∈ F resulting the lower semiontinuity of










∣∣∣∣ < γ, f ∈ X∗
}
is lower semiontinuous.
Corollary 3.2 There exists a ontinuous seletion l : T →M(X) of the multifuntion lL.
The set of extreme points of even ompat onvex set need not be losed, so in general the values of
the multifuntion L are not losed sets. In partiular we annot expet L to have ontinuous seletions.
However, there exists ontinuous approximate seletions, as stated in the next result.
By H we will denote the Hilbert ube, M(H) stands for the regular probability Borel measures on H;
this is ompat separable metri spae.
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Theorem 3.1 (ontinuous version of Choquet Theorem)
Let T be a metri spae and X  separable Banah spae. Consider ontinuous multifuntion P : T  X










∣∣∣∣ < γ, f ∈ X∗
}
.
Then for any δ > 0 L admits a ontinuous δ − seletion of L.
Proof. In what follows we adopt lassial Mihael method. There exists (see [2℄, pp. 483  485) ontinuous
mapping φˆ : M(X)→M(H). The Polish spae M(X) is metrizable by






where ζj , j = 1, 2, ..., are from the dense set in C(H)  the spae of the ontinuous funtions on the Hilbert
ube. We start with xing: a dense set (ζn)
∞







funtions ζ1, ..., ζn ∈ (ζn)∞n=1, point t0 ∈ T and measure µo ∈ L(t0). The mapping µ→ |(φˆ(µ)− φˆ(µ0))(ζj)|
is ontinuous for (any) µ0 and any xed j ∈ N, so the set







∣∣∣(φˆ(µ)− φˆ(µ0))(ζj)∣∣∣ < δ
2
}
is open. The lower semiontinuity of L implies that
U(t0, µ0) := L
−1(V ) = {t ∈ T : L(t) ∩ V 6= ∅}
is an open neighborhood of t0 is nonempty and open. Using the lower semiontinuity of L again we obtain
an open over {U(tα, µα)}α∈I of T . By eα(·) denote loally nite partition of unity subordinated to this





Fix t ∈ T and set {α : eα(t) > 0} := {α1, ..., αk}; then t ∈ suppeαi ⊂ U(tαi , µαi), so the intersetion of L(t)
with ball of radius δ, entered in µαi , is nonempty. Now take measure µi  the element of this intersetion,
and observe that d(µi, µαi) < δ. The point lδ(t) :=
k∑
i=1
eαi(t)µi lies in the onvex set L(t) ∩ V . The thesis
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of the theorem follows from the following sequene of inequalities:

























































Corollary 3.3 (ontinuous version of the Krein  Milman theorem)
Let T , X, P and p be as above. Then for any γ > 0 there exists ontinuous family of measures (µt)t∈T on
X, supported by the losure of the set of extreme points of P (t) and γ − representing point p(t).
4 Nonompat ase
In this setion we onsider the nonompat ase. We have to impose more assumptions both on the
Banah spae X and multifuntion P .
Reall that x ∈ K is a denting point i for eah ε > 0 x 6∈ lv(K \ Uε(x)), where Uε(x) denotes the ε
 neighbourhood of x.
Theorem 4.1 Let T be a metri spae, X  reexive Banah spae and onsider multifuntion P : T  X
fullling the following onditions:
(a) P is ontinuous;
(b) for eah t ∈ T the set P (t) is bounded, losed and onvex;




Proof. Exatly as in the ompat ase we onstrut the slie Rγ(·) and show that it is nonempty, replaing
 Krein  Milman theorem with Krein  Milman property, obtaining in the same way the sequene (en) of
extreme points belonging for nn ≤ n ≤ nm+1 both to the set extP (tn) and the slie R 1
m
(tn). By the upper
semiontinuity of P this sequene is bounded and has a subsequene (denoted also by (en)) onvergent to
the point e0 ∈ P (t0). The upper semiontinuity of P implies its Hausdor upper semiontinuity, so we an
write
sup{c(f, P (tn))− c(f, P (t0)) : ‖f‖ ≤ 1} = h
∗(P (tn), P (t0)) −−−−→
n→∞
0,
where h∗(A,B) = sup{d(a,B) : a ∈ A}. Thus c(f, P (tn)) −−−−→
n→∞
c(f, P (t0)) and (as in the ompat ase)
we an onlude that e0 = e0.
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We have thus ostruted the sequene (en), en ∈ extP (tn), weakly onvergent to the point e0 ∈
stexpP (t0). Moreover, we have
d(en, P (t0)) ≤ h∗(P (tn), P (t0)) −−−−→
n→∞
0, so there exists sequene (bn) of elements of P (t0) with ‖bn −
en‖ −−−−→
n→∞
0. This yields weak onvergene of (bn) to e0 whih in turn implies (as e0 is strongly exposed),
that (bn) onverges to e0 in norm. Thus ‖en − e0‖ −−−−→
n→∞
0.
It turns out that the set of strongly exposed points of P (t), t ∈ T , is dense in the set extP (t). Indeed,
suppose that this is not the ase and onsider slie of P (t) with norm diameter ε ontaining some e ∈
extP (t). None of the strongly exposed points of P (t) belongs to the slie, so we have P (t) = lvstexpP (t).
This ontradits the fat that e is the denting point.
The rest of the proof proeeds as in the ompat ase. 
Now we are able to reformulate ontinuous version of the Choquet theorem and its orollary.
Theorem 4.2 ( ontinuous version of the nonompat Choquet theorem)
Let T be a metri spae, X  separable, reexive Banah spae and onsider multifuntion P : T  X
fullling the following onditions:
(a) P is ontinuous;
(b) for eah t ∈ T the set P (t) is bounded, losed and onvex;
() eah extreme point of the set P (t) is its denting point.
Denote by p the ontinuous seletion of P and dene the set  valued map L : T  M(X):
L(t) :=
{






∣∣∣∣ < γ, f ∈ X∗
}
.
Then for any δ > 0 there exists ontinuous funtion lδ : T →M(X), the δ − seletion of L.
Corollary 4.1 (ontinuous version of the nonompat Krein  Milman theorem)
Let T , X, P and p be as above. Then for any γ > 0 there exists ontinuous family of measures (µt)t∈T on
X, supported by the losure of the set of extreme points of P (t) and γ − representing point p(t).
The proofs of these results are idential to the ones given in the previous setion.
Aknowledgments. Author would like to thank Andrzej Fryszkowski, Piotr Mankiewiz and Kaz-
imierz Br¡giel for disussions.
Referenes
[1℄ E. M. Alfsen, Compat onvex sets and boundary integrals,
Springer Verlag, 1971.
[2℄ Ch. D. Aliprantis, K. C. Border, Innite dimensional analysis. A hithhiker's guide, seond edition,
Springer Verlag, 1999.
[3℄ E. Bishop, K. de Leeuw, The representations of linear funtionals by measures on set of extreme points,
Ann. Inst. Fourier (Grenoble), 9 (1959), 305-331.
[4℄ R. D. Bourgin, Geometri aspets of onvex sets with Radon-Nikodym property, Springer Leture Notes
in Mathematis 993, 1983.
[5℄ G. Choquet, Existane et uniité des representations intégrales au moyen des points extrémaux dans
les nes onvexes, Séminaire Bourbaki (De.1956),139, 15 pp.
[6℄ J. Diestel, J. J. Uhl, jr., Vetor measures, Amerian Mathematial Soiety, Providene, Rhode Island,
1977
8
[7℄ G. A. Edgar, A nonompat Choquet theorem, Pro. Amer. Math. So. 49 (1975), 354-358.
[8℄ G. A. Edgar, Extremal integral representations, J. Funtional Analysis (2) 23 (1976), 145-161.
[9℄ Sh. Hu, N. S. Papageorgiou, Handbook of multivalued analysis. Vol. I: Theory, Kluwer, 1998.
[10℄ J. Lindenstrauss, On operators whih attain their norm, Israel J. Math. 3, (1963), 139-148.
[11℄ P. Mankiewiz, A remark on Edgar's extremal integral representation theorem, Studia Math. 63 (1978),
259-265.
[12℄ E. Mihael, Continuous seletions I, Ann. of Mat. 63 (1956), 361-382.
[13℄ R. R. Phelps, Letures on Choquet theorem, rst edition  Van Nostrand Math. Studies 7, 1966,
seond edition  Springer Leture Notes in Mathematis 1757, 2000.
[14℄ A. A. Tolstonogov, A. I. Figonienko, On funtional  dirential inlusions in Banah spae with non
 onvex right  hand side, Dokl. An. SSSR 254 (1980), 4549; (in Russian).
[15℄ S. L. Troyanski, On loally uniformly onvex and dierentiable norms in vertain non  separable
Banah spaes, Studia Math. 37 (1971), 173-180.
Institute of Mathematis and Computer Siene
Tehnial University of Czstohowa
J. H. D¡browskiego 73
42-200 Czstohowa
Poland
E-mail: ppuhalaimi.pz.pl
9
